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We introduce a new coupled mode theory to model nonlinear Schro¨dinger equations for contra-
propagating Bloch modes that include disorder-induced multiple scattering effects on nonlinear
soliton propagation in photonic crystal waveguides. We also derive sub unit-cell coupling coefficients
and use these to introduce a generalized length scale associated with each coupling effect. In
particular, we define a multiple-scattering length scale that quantifies the spatial extent of a disorder-
induced cavity mode. Our numerical simulations of nonlinear pulse propagation are in excellent
qualitative agreement with recent experiments and provide insight into how disorder inhibits soliton
propagation and other nonlinear propagation effects in photonic crystal waveguides.
PACS numbers: 42.70.Qs, 42.25.Fx, 42.82.Et, 42.81.Dp
Introduction. Slow light in photonic crystal waveguides
(PCWs) can be exploited for enhancing nonlinear optical
(NLO) interactions [1], and there has been considerable
experimental progress with group velocities ranging be-
tween c/10 to c/60. Self phase modulation (SPM) in the
presence of two photon absorption (2PA) and free carrier
effects was observed by Monat et al. [2], while non-trivial
scaling of SPM and three-photon absorption (3PA) was
investigated by Husko et al. [3]. Colman et al. [4] utilized
dispersion engineered PCWs to suppress 3PA which was
critical in the demonstration of temporal pulse compres-
sion of higher order solitons. Other demonstrated NLO
effects include third harmonic generation and highly ef-
ficient four wave mixing [5–7].
Despite these successes, one of the major limiting fac-
tors for exploiting NLO effects in PCWs is disorder-
induced multiple scattering which roughly scales as n2g,
where ng is the group index [8]. This limitation is some-
what suppressed through dispersion-engineering [9, 10]
or by reducing the length of the PCW to less than 500
unit cells which lowers losses but typically increases the
required pump power [2]. Regardless, in the slow light
regime, coupling to disorder is unavoidable and any re-
alistic model must include such effects. The theory of
disorder on linear propagation in PCWs is well devel-
oped [8, 11–13]. For modelling NLO effects in PCs, Bhat
and Sipe [14] used multiple scales analysis and k ·p the-
ory to derive a dynamical nonlinear Schro¨dinger equation
(NLSE), which is first-order in time, and their nonlin-
ear coefficients use unit-cell averaged Bloch modes; how-
ever, the previously mentioned NLO works use the NLSE
model adapted from the nonlinear fiber optics literature
[15], where the NLSE is first-order in space and the non-
linear coefficients are generalized by a unit cell integra-
tion involving only the periodic part of the Bloch mode.
A severe shortcoming of current NLSEs applied to
PCWs is their naive modelling of disorder-induced losses
(if at all) as an effective loss parameter α, which fol-
lows the Beer-Lambert law, known to breakdown in the
regime of multiple scattering, arising from coupling be-
tween contra-propagating modes [16]. The effect of mul-
tiple scattering on soliton propagation is shown schemat-
ically in Fig. 1. Although some works have partly studied
coupling between contra-propagating modes in the con-
text of examining nonlinear bistability in finite periodic
media [17, 18], it was for weak scattering and in the ab-
sence of group velocity dispersion (GVD). For PCWs,
neither of these assumptions holds true.
In this Letter, we introduce a powerful coupled-mode
theory (CMT) to model two coupled NLSEs for contra-
propagating Bloch modes, including the effects of GVD,
disorder-induced multiple scattering, SPM and cross-
phase modulation (XPM). Unlike previous works, our
nonlinear coupling coefficients are positional dependent
because they involve an integration over the cross-section
of the PCW. We also introduce a characteristic length
scale corresponding to each coupling coefficient, including
a length scale associated with multiple scattering, which
denotes the spatial extent associated with a disorder-
induced localized mode. Using the W1 PCW, we model
solitons propagating in the presence of multiple scatter-
ing for several ng ranging from fast light to the slow light
regime as shown in Fig. 2. When nonlinearities dominate
over multiple scattering, the soliton’s spectra shows a
random fine peak structure, whereas when multiple scat-
FIG. 1. (color online) Spatial profiles at various times of a
soliton injected from the left side of a W1 PCW in the absence
(left) and presence (right) of disorder-induced multiple scat-
tering and localization. For comparing the two schematics,
the two leftmost pulses (blue) are of the same magnitude.
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2FIG. 2. (color online) Dispersion, group index (β1) and GVD
(β2) characteristics of the W1 PCW with markers indicating
the three values considered in this work.
tering dominates, the soliton’s spectra exhibits narrow
spectral peaks indicative of disorder-induced photon lo-
calization. Our numerical results are able to capture un-
explained experimental features related to multiple scat-
tering [2, 3, 19] and our formalism can be generalized
to assess the impact of multiple scattering on other non-
linearities such as 2PA, 3PA, self-steepening, four-wave
mixing, etc.
Coupled NLSEs and coefficients. Denoting x as the
propagation direction, we rewrite Maxwell’s equations as
a Schro¨dinger-like equation in the frequency domain:
Aψ = −iB∂xψ, (1)
where A,B are Hermitian operators that contain the
curl and divergence operations [20], and ψ = [Et Ht]
T ,
where Et,Ht are the transverse components of elec-
tromagnetic fields. Since PCW possess discrete trans-
lational symmetry in x, ψ has the Bloch mode form
ψ = eikxϕ(x), ϕ(x + a) = ϕ(x), where ϕ = [Et Ht]T
and E ,H represent the periodic part of the Bloch mode.
Using the Bloch mode form in (1) yields the generalized
eigenvalue problem Cϕk = kBϕk, C = A + i∂xB. Be-
cause B is not positive-definite [21], one can derive the
generalized orthogonality condition [22, 23],
〈ϕk, Bϕk′〉 = δk∗,k′ xˆ ·
∫
(E ′∗t ×Ht + Et ×H
′∗
t ) · da, (2)
where k∗ denotes the complex conjugate. For a TE-like
guided mode as shown in Fig. 2, we have Im[k] = 0 (be-
low the light line) so for k = k′, one gets 〈ϕk, Bϕk〉 = 4Sx
where Sx denotes the x-component of the time-averaged
Poynting vector. We now consider a dielectric perturba-
tion to the ideal operator, A0, as A(x) = A0 + ∆A(x),
where ∆A(x) contains both linear and nonlinear per-
turbations, caused by disorder and the Kerr effect, re-
spectively. The total wave function can be written
as ψ(x, ω) = c+(x, ω)eikxϕk(ω) + c
−(x, ω)e−ikxϕ−k(ω),
where c±(x, ω) are envelope coefficients and ϕ±k(ω)
are the unperturbed forward and backward eigenmodes;
since multiple scattering between forward and backward
modes is the major source of loss in PCWs, we include
the small effect of out-of-plane scattering as an effective
loss coefficient. To derive the coupled NLSEs for the field
envelopes, we transform back to the time domain using
the narrow bandwidth approximation ∆ω/ω  1, which
also shifts zero frequency line to the centre frequency ω,
yielding:
D+[c+] = i
aω
2vg
[
Q(+,+)c
+ +Q
|+|
(+,+)|c+|2c+ +
(
Q
|−|
(+,+) + 2Q
(+,−)
(+,−)
)
2|c−|2c+ + e−i2kxQ(+,−)c−
]
− N
2
〈αrad〉 c+, (3)
D−[c−] = −i aω
2vg
[
Q(−,−)c− +Q
|−|
(−,−)|c−|2c− +
(
Q
|+|
(−,−) + 2Q
(−,+)
(−,+)
)
2|c+|2c− + ei2kxQ(−,+)c+
]
+
N
2
〈αrad〉 c−, (4)
with the coupling coefficients (related coefficients are obtained by just reversing the signs),
Q(+,+) =
∫
R
∆E+∗j E+j dydz, Q(+,−) =
∫
R
∆E+∗j E−j dydz, Q|+|(+,+) =
∫
R
χ(3)(E+∗l E+l + 2E+∗j E+j )E+∗j E+j dydz,
Q
|−|
(+,+) =
∫
R
χ(3)E−∗l E−l E+∗j E+j dydz, Q(+,−)(+,−) =
∫
R
χ(3)E+∗j E−j E+∗j E−j dydz, (5)
where the Einstein summation convention is implied, a
is the lattice constant, N is the number of unit cells,
D± := ∂x ± β1∂t ± iβ22 ∂2t , ω is the centre frequency
at which all subsequent quantities are defined, βn =
dnk
dω′n
∣∣
ω′=ω, β1 ≡ ng and vg denotes the magnitude of
the group velocity. The jth field component (j = (x, y)
for TE-like mode) is denoted by E±j but since we deal
with forward and backward modes, they have the special
property E−j = E+∗j ; 〈αrad〉 denotes the incoherent radi-
ation loss per unit cell which accounts for out-of-plane
scattering [16], and ∆ε represents the disorder caused
by stochastic radial fluctuations of the etched air holes
which are characterized by their rms roughness σ and
correlation length lc-which is a measure of how strongly
two intrahole fluctuations are correlated [8, 24, 25]—see
supplementary information (SI).
We assume that χ(3) is isotropic with a nonlinear Kerr-
like electronic response and is piecewise constant defined
as non-zero in the slab only and vanishing in the air holes.
The nonlinear scattering terms involving e±i2kx were ne-
3glected because of the large phase mismatch ∆k = 2k.
One can show this assumption remains valid as long as
the inequality kLW1  pi is satisfied where LW1 de-
notes the PCW length [26]. Given k values shown in
Fig. 2, one obtains the lower bound LW1  2a; note this
does not imply that the stochastic linear scattering terms
Q(+,−), Q(−,+) are also negligible [22].
Treating x(t) as the time (space) variables, (3)-(4) use
the unusual initial conditions c+(0, t) 6=0, c−(LW1, t)=0
unique to contra-propagating modes, where LW1 ≡ Na
and we choose periodic boundary conditions c±(x, t +
T ) = c±(x, t) to avoid numerical reflections. Without
radiation loss, our equations satisfy the power conserva-
tion law ∂x(‖c+‖2 − ‖c−‖2) = 0 [27], where ‖c±(x)‖2 :=∫
R |c±(x, t)|2dt, which states that the net power flow
through any cross section of the PCW is conserved such
that
∫
R(T +R)dt = ‖c+(0)‖
2
where the transmission and
reflection of pulses is defined as T = |c+(LW1)|2, R =
|c−(0)|2, respectively. Lastly, if we turn off nonlineari-
ties, (3)-(4) recover previous linear equations [13].
Field renormalization and characteristic length scales.
Often CM equations are presented for mode envelopes,
renormalized to have dimension of power, i.e. C± =
2vg0UE
a c
±, where 0 is the free space permitivitty and
UE =
∫
cell
(r)|Ek|2dr is the Bloch mode energy. If (3)-
(4) are renormalized it causes the nonlinear terms involv-
ing |C±|m−1 (m represents the odd order of the nonlin-
earity) to scale as scale v
−(m−1)
g [3, 4, 14], while the linear
terms retain their v−1g scaling. In (3)-(4), however, we do
not perform this renormalization, hence each term (lin-
ear or nonlinear) scales with the same factor of v−1g . Re-
cently, Colman showed that this approach is much better
suited for numerical calculations [28].
We choose the field normalization UE = 1, such that
UE becomes dimensionless, [UE] = 1; thus the electric
field has dimensions [E] = 1/L
3
2 and the coupling coef-
ficients have dimension 1/L. Conveniently, we can use
the inner product norm to define a characteristic length
scale associated with each coupling coefficient, e.g., the
SPM term Q
|+|
(+,+)(x) has an associated length scale
L
Q
|+|
(+,+)
=
[
1
LW1
∫ LW1
0
|Q|+|(+,+)(x)|2dx
]− 12
, (6)
which is a generalization of the SPM length scale defined
by Agrawal [15]. The length scale for GVD is defined as
Lβ2 = T
2
0 /β2 where T0 is the pulse width. Finally, χ
(3)
has dimensions L3 but since the nonlinear susceptibility
is usually in SI units (χ
(3)
SI ) [26], we use the conversion
χ(3) = n0aP20c χ
(3)
SI , where n0 is the refractive index of the
slab and P the incident peak power.
Modelling soliton propagation with disorder. As a con-
crete application of our theory, we numerically study soli-
ton propagation in disordered PCWs. We consider a
W1 PCW with a= 480 nm, r= 0.2a, h= 0.333a, where
FIG. 3. (color online) Unchirped Gaussian pulse propagating
in a W1 with β1 = 24.69, β2 = −9.7440 ps2/mm, S = 2.4 and
no disorder. Top: temporal snapshots in space taken at the
beginning (x = 0) and end of the PCW (x = 1) showing tem-
poral pulse compression. Bottom: spectral snapshots showing
slight spectral broadening and fine structure characteristic of
large anomalous GVD.
FIG. 4. (color online) Using the same dispersion parameters
and initial conditions as in Fig. 3, but now in the presence
of disorder-induced multiple scattering with rms roughness
σ = 0.017a. The rise of a backwards travelling pulse due to
multiple scattering is also shown (pink/light). Top: temporal
snapshots showing pulse degradation. Bottom: spectral snap-
shots showing strong backreflection and weak transmission.
a, r, h represent the pitch, hole radius and slab thick-
ness, respectively. We fix the number of unit cells at
N = 251 which corresponds to a waveguide length of
LW1=120.48 µm. For initial conditions, we specify a for-
ward propagating unchirped Gaussian pulse at one end
of the PCW with zero backward pulse at the other end as
c+(0, t)=e−t
2/2T 20 , c−(LW1, t)=0. The soliton number S
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FIG. 5. (color online) Transmission (left) and reflection
(right) spectra of an unchirped Gaussian pulse propagating
in the presence of coupling to the contra-propagating mode
via multiple scattering, SPM and XPM, for three different
group indices: 8.093(blue-bottom), 13.782(green-middle) and
24.69(red-top). The PCW is 251a unit cells long with rms
roughness fixed at 0.017a.
FIG. 6. (color online) For β1 = 24.69 temporal and spec-
tral profiles for the forward (blue/dark-solid) and the back-
ward (pink/light-solid) mode envelopes at two different points
inside the PCW. Strong multiple scattering dominates over
SPM/XPM effects leading to sharp spectral peaks corre-
sponding to the formation of localized modes.
is defined as S2 = Lβ2/LQ|+|
(+,+)
[15], and we fix the inci-
dent peak power P to study higher order solitons (S > 1)
exclusively. The nonlinear coefficient is chosen to approx-
imate a GaInP slab, χ
(3)
SI = 3× 10−19 m2/V2 [4]. We fix
the correlation length at 0.083a [24], and to observe mul-
tiple scattering effects with 251 unit cells, we choose the
rms roughness σ = 0.017a. For the remainder of our
discussion, as shown in Fig. 2, we choose three group
indices β1 = 8.093, 13.78, 24.69 having soliton numbers
S = 4.6, 4.1, 2.4, respectively.
To solve (3)-(4) numerically, we implement an implicit
finite-difference scheme that steps forward in x (the de-
tails will be described elsewhere). We first examine tem-
poral pulse compression of a soliton propagating in the
absence of disorder, hence no coupling to the backwards
mode for β1 = 24.69, S = 2.4. The squared amplitudes of
the mode envelopes |c±(x, t/ω)|2 at the opposite ends of
the W1 are plotted in Fig. 3. In agreement with recent
experiments [4], temporal pulse compression is clearly
visible in the time domain at x = 1 along with a spec-
trally broadened peak with fine structure characteristic
of anomalous GVD. Next, we turn off nonlinearities and
study only the effect of multiple scattering on pulse prop-
agation as shown in Fig. 4 for the same dispersion pa-
rameters. In the time domain, it is seen that multiple
scattering distorts the trailing edge of the incident pulse
(x= 1) while simultaneously giving rise to a backwards
wave (x=0). In the spectral domain, the large backscat-
tered signal and the emergence of spectral peaks in the
transmission signals the onset of disorder-induced photon
localization [13].
With our NLSEs, we can now model the combined ef-
fects of GVD, multiple scattering, SPM and XPM, as
shown in Figs. 5, 6. Fig. 5 shows the transmission and
reflection spectrums for all three group indices which are
readily measured in experiments. As expected, for fast
light β1 = 8.093, the effect of multiple scattering is barely
visible as the transmitted spectrum is dominated by non-
linear spectral broadening and minimal reflection. As we
the increase the group index to β1 = 13.782, the effect
of multiple scattering begins to manifest in the spectral
domain via the generation of a fine peak structure that
slightly distorts the transmission spectrum whilst giv-
ing rise to a non-negligible reflection. This is in very
good agreement with related experimental spectra ob-
tained for similar group indices [2, 3]. For β1 = 24.69,
which lies in the slow light regime, the transmission
is greatly reduced and reflection enhanced as disorder-
induced scattering now dominates over the Kerr non-
linearity as one sees large pulse distortion in the spec-
tral domain. Fig. 6 shows the temporal and spectral
pulse profiles for β1 = 24.69 at two different spatial posi-
tions inside the PCW which can be measured using non-
destructive experimental methods such as NSOM [19].
Temporally, one sees the compressed pulse being dis-
torted by multiple scattering which manifests as sharp
spectral resonances which are roughly of the same mag-
nitude for both the forward and backward propagating
modes and so in accordance with the power conserva-
tion law, this signals the formation of weakly localized
states formed via multiple scattering inside the PCW.
The pulse profiles for β1 = 13.782 and increased rms
roughness σ = 0.025a are shown in the SI.
Multiple scattering length scale. While our definition
for SPM/XPM length scales follow the standard interpre-
tation [15], we also introduce here, LQ(+,+) and LQ(+,−)
as the characteristic linear SPM and multiple scatter-
ing length scales, respectively. From an ensemble of 100
disorder instances, we have calculated both the mean
and standard deviation of LQ(+,+) , LQ(+,−) for various σ
5(0.008a−0.025a) and ng. For all cases, particularly in the
slow light regime, we find the standard deviation of these
length scales to be of the order of a unit cell O(1a) which
is negligible so an instance value of these length scales
is an excellent approximation of their expected value.
We interpret the multiple scattering length scale to be a
measure of the spatial extent of a disorder-induced cav-
ity mode, e.g., near the mode-edge for σ = 0.008a, with
β1 = 24.69, we compute LQ(+,−) ≈ 10a which is in good
agreement with 3D FDTD simulations [25]. Recent ex-
perimental observations of localized modes in the pres-
ence of intrinsic disorder by Faggiani et al. [29] show the
spatial extent of the localized modes to be roughly 15a for
similar values of disorder and group indices. Moreover,
recent work by Xue et al. [30] on examining threshold
characteristics of PC cavity lasers have found that the
threshold gain attains a minimum for a cavity length of
around 10a which they attribute to disorder.
Conclusions. We have introduced coupled NLSEs for
envelopes of contra-propagating modes in PCWs that in-
clude the effects of anomalous GVD, SPM, XPM and,
most importantly, disorder-induced multiple scattering.
We are also able to provide an elegantly simple defini-
tion of the characteristic length scales associated with
each effect. Our results demonstrate the importance of
multiple scattering on soliton propagation, and as an ap-
plication we have qualitatively reproduced the fine peak
structure of recent experimental spectra and we have pre-
dicted new features that can be accessed experimentally.
Our theory can be extended to model a wide range of
NLO effects.
We sincerely thank Pierre Colman for insightful dis-
cussions and NSERC for funding.
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Soliton pulse propagation in the presence of disorder-induced multiple scattering in
photonic crystal waveguides: Supplementary Information
Nishan Mann∗ and Stephen Hughes
Department of Physics, Queen’s University, Kingston, Ontario, Canada, K7L 3N6
(Dated: November 10, 2018)
Here we supply supplementary material that accompanies the manuscript “Soliton pulse propa-
gation in the presence of disorder-induced multiple scattering in photonic crystal waveguides.” We
first explain the mathematical link between the three parameters characterizing disorder in pho-
tonic crystal waveguides; the dielectric perturbation, rms roughness and correlation length. We
also provide two additional figures that supplement Figs. 5,6 in the Letter by showing pulse profiles
inside the waveguide for β1 = 13.782 and in the presence of increased disorder characterized by rms
roughness σ = 0.025a.
The nonlinear coupling coefficients and the associated length scales defined in the main Letter can be computed
once the ideal Bloch modes, nonlinear susceptibility and the incident peak power are known, but to compute the
linear coefficients associated with disorder Q(+,+), Q(−,−), Q(+,−), Q(−,+), one requires information about the dielectric
perturbation ∆. The dielectric perturbation caused by disorder is shown schematically in Fig. S1. Intrinsic fabrication
disorder in photonic crystal waveguides (PCWs) refers mainly to the deviation of the etched air holes from their ideal
cylindrical shape as shown in Fig. S1(a). Given state-of-the-art manufacturing techniques, a common approximation
for photonic crystal (PC) slabs with etched holes is to assume the deviated cross section is constant throughout the
cylinders height, hence one only needs to address in-plane variations which we model via the standard deviation of the
rapid radial fluctuations σ and a correlation length lc–which in this case is a measure of how strongly two intrahole
fluctuations are correlated (see Fig. S1(b)).
(a) (b)
σ
lc
FIG. S1. (a) Schematially illustrating manufacturing imperfections in a PCW. (b) Schematic showing an ideal cross section
of a cylindrical hole (dashed) along with the cross section of a disordered hole (solid). The labels illustrate the statistical
parameters used for modelling surface roughness namely rms roughness σ and correlation length lc.
Using i to index holes in the PCW, ∆ in cylindrical coordinates is expressed as
∆ = (a − s)1PCW
∑
i
∆r(θi)δ(r − ri), (S1)
where a/s denotes the dielectric constant of air and PC slab respectively, 1PCW is the indicator function (1 in the
PCW, 0 otherwise), ∆r(θi) denotes the radial perturbation at the azimuthal angle θi, ri denotes the radius of the
ith hole and δ(r − ri) is the Dirac-Delta function indicating that the disorder can be approximated as occurring only
near the circumference of the ith hole. Since disorder is a stochastic process, we assume E[∆r(θi)] = 0 [? ] and the
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2covariance between two radial perturbations ∆r(θi),∆r(θ
′
j) is given by [? ]
cov
(
∆r(θi),∆r(θ
′
j)
)
= σ2e−ri|θi−θ
′
j |/lcδij . (S2)
Using (S1) and (S2), we numerically generate radial perturbations for each hole which are then used to compute the
integral expressions of the coupling coefficients associated with disorder.
In Fig. 6 of the Letter, we show the squared amplitudes of the mode envelopes |c±|2 in both time and frequency
domains at two spatial points within the W1 PCW, namely at x = 0.3, 0.6 for β1 = 24.69 which lies in the slow
light regime. In that figure, we see how disorder-induced multiple scattering severely distorts the pulse profile by
forming localized modes. In Fig. S2, we show the profile for β1 = 13.782, a value that lies between fast and slow
light where multiple scattering slightly distorts the pulse profiles profiles inside the PCW. This is more easily seen
in the frequency domain because in the time domain, the distortion amounts to fine ripples introduced in the tail of
the compressed pulses (t > 2 ps) which can be measured experimentally by using non-destructive techniques such as
NSOM.
FIG. S2. (color online) For β1 = 13.782 temporal and spectral profiles for the forward (blue/dark-solid) and the backward
(pink/light-solid) mode envelopes at two different points inside the PCW. In this case, multiple scattering slightly distorts
temporal pulse compression and spectral broadening caused by the Kerr nonlinearity.
We next increase the rms roughness to σ = 0.025a to examine transmission, reflection and pulse profiles inside
the W1 PCW in the presence of enhanced multiple scattering in Fig. S3. As the transmission spectrums show, for
fast-light (β1 = 8.093), the increased disorder has little effect but as we move towards the slow light regime, enhanced
multiple scattering causes more distortions particularly in the transmission spectrum of β1 = 13.782 as the spectral
pulse broadening shown in Fig. 5 of the Letter has been hampered. When looking at temporal pulse profiles inside
the W1 PCW, it is now much clearer that distortions start to occur from the tail end of the pulse and slowly creep
up to the peak of the pulse eventually breaking up the envelope.
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FIG. S3. (color online) The PCW is 251a unit cells long, with rms roughness fixed at 0.025a. Transmission and reflection
spectrums of an unchirped Gaussian pulse for three different group indices: 8.093(blue-bottom), 13.782(green-middle) and
24.69(red-top). Temporal and spectral profiles for the forward (blue/dark-solid) and the backward (pink/light-solid) mode
envelopes at two different points inside the PCW are also shown.
